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ON A PROJECTIVE SPACE INVARIANT OF A CO-TORSION MODULE
OF RANK TWO OVER A DEDEKIND DOMAIN
C P ANIL KUMAR
Abstract. For a Dedekind domain O and a rank two co-torsion module M ⊆
O2 with invariant factor ideals L ⊇ K in O, that is, O2M ∼= OL ⊕ OK , we associate a
new projective space invariant element in PF1I where I is given by the ideal fac-
torization K = LI in O. This invariant element along with the invariant factor
ideals determine the module M completely as a subset of O2. As a consequence,
projective spaces associated to ideals in O can be used to enumerate such mod-
ules. We compute the zeta function associated to such modules in terms of the
zeta function of the one dimensional projective spaces for the ring OK of inte-
gers in a number field K/Q and relate them to Dedekind zeta function. Using
the projective spaces as parameter spaces, we re-interpret the Chinese remain-
der reduction isomorphism PF1I →
l
∏
i=1
PF1Ii associated to a factorization of an
ideal I = l∏
i=1
Ii into mutually co-maximal ideals Ii, 1 ≤ i ≤ l in terms of the
intersection of associated modules arising from the projective space elements.
1. Introduction
Projective spaces associated to ideals in commutative ring with unity are of im-
mense interest in number theory and geometry. We explore here one such inter-
est. For two fixed ideals L ⊇ K in a Dedekind domain O, the one dimensional
projective space associated to the ideal I where K = LI forms a parameteriz-
ing space for co-torsion modules (of rank two) in O2. This is the content of the
two main Theorems [Ω,Σ] of this article. As a consequence, they can be used
for enumeration purposes if the projective spaces are finite sets (refer to Theo-
rems [5.1,5.2]). In Theorem 5.2 we relate the three zeta functions ζOK , ζO2K , ζ
OK
PF1
as ζO2K(s) = ζOK (2s)ζ
OK
PF1
(s). As an example, the cardinality of finite index sub-
groups of Z2 (refer to Theorem 3.2) and its zeta functions can be calculated (refer
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to Corollary 3.3) in terms of the zeta function of the one dimensional projective
spaces over integers. By exploring the properties of these parameterizing spaces
PF1I , I ⊆ O, we can also study the corresponding modules. For example we can
re-interpret the Chinese remainder reduction map associated to a finite product
of mutually co-maximal ideals, in terms of the intersection of such modules as
given in Theorem 5.3. For the theory of Dedekind domains and modules over
Dedekind domains refer to N. Bourbaki [2], chapter VII, sections 2&4.
2. Statement of the Main Theorems
In this section we give the required definitions in order to state the main theo-
rems of the article.
Definition 2.1. Let O be a domain. A torsion free O-module M is said to be
of rank n ∈ N, if the cardinality of a maximal set in M consisting O-linearly
independent elements is n. Note that such a set always gives rise to a basis for
the S−1O-vector space S−1M where S = O\{0}.
Example 2.2. With this definition the module Q is a rank one Z-module. However
Q is not a finitely generated Z-module.
Definition 2.3 (Co-torsion Module). Let O be a Dedekind domain. An O-
submodule M ⊆ On is said to be co-torsion if OnM is torsion. Note that the
ambient module On is also important in this definition. In N. Bourbaki [2],
according to Definition 1, Page 512, chapter VII, such a module M becomes a
lattice of (S−1O)n with respect to O where S = O\{0}.
Remark 2.4. For n = 2, a co-torsion O-module M ⊆ O2 must necessarily have
rank two. Conversely a rank two torsion-free O-module M ⊆ O2 must be a
co-torsion module. However a rank two torsion-free O-module need not be
embeddable in O2. An example is the rank two Z-module Q⊕Q which is not
embeddable in Z⊕Z. A finitely generated rank two torsion-free O-module M
is embeddable in O2. In fact such a module M ∼= O⊕ I for some non-zero ideal
I ⊆ O.
Definition 2.5 (Projective Space Associated to an Ideal). Let O be a Dedekind
domain and I ⊆ O be an ideal. Let (O2)∗ = {(a, b) ∈ O2 | 〈a〉 + 〈b〉 = O}.
Define an equivalence relation (O2)∗ as follows. We say (a, b) ∼ (c, d) if ad −
bc ∈ I . We define the one dimensional projective space PF1I associated to the
ideal I to be the set of equivalence classes namely PF2I = (O
2)∗
∼ . The equivalence
of the element (a, b) ∈ (O2)∗ is denoted by [a : b].
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Remark 2.6. Let O be a Dedekind domain and (0) 6= I ⊆ O be a non-zero
ideal. Then (a, b) ∼ (c, d) if and only if there exists an element λ ∈ O such that
λ ∈ U(OI ) the unit group of the ring OI and c = λa, d = λb.
Definition 2.7 (Invariants Associated to a Co-torsion Module). Let O be a dede-
kind domain and let O-submodule M ( O2 be a co-torsion module. We asso-
ciate the following invariants for the co-torsion module M.
(1) Elementary Maximal Ideal Divisor Invariants: There exists finitely many
maximal ideals Mi ( O and integers ki, li, 1 ≤ i ≤ r such that 0 ≤ li ≤
ki 6= 0 and O2M ∼=
r⊕
i=1
(
O
Mlii
⊕ O
Mkii
)
.
(2) Invariant Factor Ideals: These ideals are defined as L = Ml11Ml22 . . .Mlrr ,
K =Mk11 Mk22 . . .Mkrr with L ⊇ K and O
2
M
∼= OL ⊕ OK .
(3) Projective Space Invariant: For the O-module M define another invariant
ideal I = Mk1−l11 Mk2−l22 . . . Mkr−lrr with the convention that I = O if
ki = li for all 1 ≤ i ≤ r. The projective space invariant of the module M is
the space PF1I where I is the projective space invariant ideal of M. Here
K = LI as a product of ideals in O.
(4) Projective Space Invariant Element: We will show later in Proposition 4.4
that L ⊕ L ⊇ M. Now we associate for (ta, tb) ∈ M with t ∈ L\( r∪
i=1
LMi
)
, a, b ∈ O and 〈a〉 + 〈b〉 = O, the invariant element [a : b] ∈ PF1I .
We will show later again in Proposition 4.4 that there exists such an ele-
ment (ta, tb) ∈ M and the element [a : b] ∈ PF1I is uniquely determined.
Now we state the first and second main theorems of the article.
Theorem Ω. Let O be a Dedekind domain and let O-submodule M ( O2 be a co-
torsion module. With the notations as in Definition 2.7 the invariant ideals L ⊇ K
and the invariant element [a : b] ∈ PF1I where K = LI completely determine the
O-submodule M as a subset of O2. Stating in other words, if Mi ( O2 be two such
modules with invariants Li ⊇ Ki and [ai , bi] ∈ PF1Ii where Ki = LiIi, i = 1, 2 then
we have
M1 = M2 if and only if
L1 = L2,K1 = K2, [a1 : b1] = [a2 : b2] ∈ PF1J where J = I1 = I2.
Theorem Σ. Let O be a Dedekind domain. Let L ⊇ K ( O be two ideals and
[a : b] ∈ PF1I where I is given by the ideal factorization K = LI . Then there exists
an O-submodule M ( O2 which has the invariant ideals L ⊇ K and has the projective
space invariant element [a : b] ∈ PF1I .
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3. Rank Two Co-torsion Modules over Principal Ideal Domains
In this section we consider rank two co-torsion modules M ( O2 where O
is a principal ideal domain. We prove in this section the analogue of main
Theorems [Ω,Σ] for a principal ideal domains O and give one application in
Theorem 3.2. For an ideal I = (d), PF1(d) is denoted by just PF1d as an abuse of
notation even though d is defined up to an associate.
Theorem 3.1. Let O be a principal ideal domain. Let M ( O2 be a co-torsion module
of rank two with elementary prime divisors p1, p2, . . . , pr and integers 0 ≤ li ≤ ki 6= 0
such that O2M ∼=
r⊕
i=1
(
O
p
li
i
⊕ O
p
ki
i
)
. Let d = pk1−l11 p
k2−l2
2 . . . p
kr−lr
r . Then there is a
unique projective space element [a : b] ∈ PF1d such that (d1a, d1b) ∈ M and for
all elements (d1x, d1y) ∈ M with gcd(x, y) = 1 we have [x : y] = [a : b] where
d1 = p
l1
1 p
l2
2 . . . p
lr
r . Moreover if d2 = p
k1
1 p
k2
2 . . . p
kr
r (has to be a non-unit) then for any
matrix
(
x y
z w
)
∈ GL2(O) with [x : y] = [a : b] the set {(d1x, d1y), (d2z, d2w)} is a
basis for M. This also yields a construction of a unique co-torsion module M ( O2 of
rank two which has the invariant divisors d1, d2 and has the projective space invariant
element [a : b] ∈ PF1d where d = d2d1 .
Proof. First of all we observe that the module M ( O2 is a free module of rank
two. Let {(s, t), (u, v)} be a basis of M. Then by reducing the matrix
(
s t
u v
)
into
smith normal form
(
d1 0
0 d2
)
with d1 | d2, we obtain O2M ∼= O(d1) ⊕
O
(d2)
. Here d1 =
pl11 p
l2
2 . . . p
lr
r , d2 = p
k1
1 p
k2
2 . . . p
kr
r with d = d2/d1 = p
k1−l1
1 p
k2−l2
2 . . . p
kr−lr
r . So we
can always assume that there is a basis of M of the form {(d1x, d1y), (d2z, d2w)}
where
(
x y
z w
)
∈ GL2(O). In particular there exists an element (d1a, d1b) ∈
M with gcd(a, b) = 1. Consider another O-linearly independent set {(d1x′,
d1y
′), (d2z′, d2w′)}. Then this is a basis for M if and only there exists a matrix(
α β
γ δ
)
∈ GL2(O) such that we have
(
α β
γ δ
)(
d1x d1y
d2z d2w
)
=
(
d1x
′ d1y′
d2z
′ d2w′
)
which happens if and only if d2d1 = d | (x′y− xy′). This proves the theorem. 
As a consequence we have the following theorem.
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Theorem 3.2. The set of subgroups of Z2 of finite index n is in bijection with the
disjoint union of integer projective spaces⊔
d|n, nd=
PF1d.
Under this bijection we have the following.
(1) M ∈ PF1n if and only if there exists (a, b) ∈ M with gcd(a, b) = 1 if and only
if Z
2
M is a finite cyclic group.
(2) M ∈ PF1d for d | n, nd =  if and only if Z
2
M
∼= Z√ n
d
⊕ Z√
nd
.
(3) The number of subgroups of Z2 of finite index n is σ(n), the sum of divisors of
n.
Proof. If n = 1 the proof is trivial. So assume n > 1. The consequences (1), (2)
are immediate and we will prove (3). For this we observe that for a prime p and
k ∈ N,
#(PF1
pk
) = pk−1(p+ 1).
We also have that the chinese remainder reduction map gives a bijection of the
sets PF1m and
r
∏
i=1
PF1mi where m = m1m2 . . .mr and gcd(mi,mj) = 1, 1 ≤ i 6= j ≤ r
(refer to Theorem 1.6 in C.P. Anil Kumar [1]). Now (3) follows. 
We give one more consequence of the previous theorem. Here we relate the zeta
function of Z2 with the zeta function of the one dimensional projective spaces
over integers.
Corollary 3.3. For, s ∈ C, Re(s) > 2, we have the zeta function ζZ2(s) associated to
subgroups of Z2 of finite index defined as
ζZ2(s) = ∑
n∈N
∑
d|n, nd=
| PF1d |
ns
is given by
ζZ2(s) = ζ(s − 1)ζ(s) where ζ(s) = ∑
n∈N
1
ns
the usual zeta function.
The zeta function ζ
PF1
(s) of the one dimensional projective spaces over integers defined
as
ζ
PF1
(s) = ∑
d∈N
| PF1d |
ds
satisfies the equation
ζZ2(s) = ζ(2s)ζPF1(s).
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Proof.
∑
n≥1
∑
d|n, nd=
| PF1d |
ns
= ∑
n≥1
σ(n)
ns
= ∏
p-prime
(
∑
k≥0
σ(pk)
pks
)
= ∏
p-prime
(
1
1− 1
ps−1
)(
1
1− 1ps
)
= ζ(s − 1)ζ(s).
To prove the second equality we observe that
ζ(2s)∑
d≥1
| PF1d |
ds
= ∑
d≥1,m≥1
| PF1d |
(dm2)s
= ∑
n≥1
∑
d|n, nd=
| PF1d |
ns
= ζ(s − 1)ζ(s).

4. Preliminaries
In this section we prove some preliminaries which are required to prove the
main theorem of the article for Dedekind domains.
Remark 4.1. We will assume the following basic facts about a Dedekind domain
O.
• Let F be a finite set of maximal ideals in O. Let I ⊆ O be any non-zero
ideal. Then the set I\
( ⋃
M∈F
IM
)
6= ∅.
• Let p, q ∈ O with ideal factorization as given by (p) = Mk1Mk2 . . .Mkr ,
(q) = N l1N l2 . . .N ls . Then (pq) = Mk1Mk2 . . .MkrN l1N l2 . . .N ls , p /∈
Mki+1i , 1 ≤ i ≤ r and pq /∈ M
ki+lj+1
i ifMi = Nj.
Proposition 4.2. Let O be a Dedekind domain. Let M ( O2 be a rank two co-torsion
module. LetMi, 1 ≤ i ≤ r be the elementary maximal ideal divisor invariants of M as
in Definition 2.7. Then in the vector space S−1O⊕ S−1O with S = O\{0}, we have
M =
r⋂
i=1
MMi
⋂
M6=Mi,1≤i≤r,M−maximal
O2M
where MMi is the localization of M at the maximal idealMi ( O for 1 ≤ i ≤ r.
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Proof. For the module M we have
M =
⋂
M∈MaxSpec(O)
MM.
Since
O2
M
∼=
r⊕
i=1
( O
Mlii
⊕ O
Mkii
)
we have
O2M
MM
=
(O2
M
)
M
= 0 ifM 6=Mi, 1 ≤ i ≤ r ⇒ MM = O2M.
Hence the proposition follows. 
Now we prove two more useful propositions.
Proposition 4.3. Let O be a Dedekind domain and M ( O be a maximal ideal. Let
MM denote the corresponding maximal ideal in OM and let k ∈ N. Then the map
PF1Mk −→ PF1MkM
given by
[a : b] −→ [ a
1
:
b
1
]
is well defined and is a bijection.
Proof. Any element in PF1MkM
is either of the form [1 : bt ] where b ∈ O, t ∈ O\M
or of the form [ as : 1] where a ∈ O, s ∈ O\M. Consider [1 : bt ] w.l.o.g. Now there
exists a t′ ∈ O\M such that tt′ − 1 ∈ Mk. Hence we have [1 : bt ] = [1 : bt′] ∈
PF1MkM
. Now [1 : bt′] ∈ PF1Mk maps onto the element [1 : bt ] ∈ PF1MkM . This
proves surjectivity. The map is clearly injective as well. Hence the proposition
follows. 
Proposition 4.4. Let O be a Dedekind domain. Let M ( O2 be a rank two co-torsion
module. Let O2M ∼= OL ⊕ OK with L ⊇ K the invariant factor ideals as in Definition 2.7.
Then
(1) L⊕ L ⊇ M.
(2) If Mi, 1 ≤ i ≤ r are the elementary maximal ideal divisor invariants of M as
in Definition 2.7, then exists t ∈ L\( r∪
i=1
LMi
)
, a, b ∈ O with 〈a〉+ 〈b〉 = O
such that (ta, tb) ∈ M.
Proof. We prove (1) first. For a maximal M 6= Mi, 1 ≤ i ≤ r we have (L ⊕
L)M = LM ⊕LM = OM⊕OM. Similarly we have MM = O2M since
(O2
M
)
M =
0. For M = Mi we use Theorem 3.1 because of the additional fact that OM is
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a discrete valuation ring and hence a principal ideal domain. For M = Mi, let
MM = 〈pi〉. Then (L ⊕ L)M = LM ⊕ LM = 〈plii 〉 ⊕ 〈plii 〉. Using Theorem 3.1
we have that there exists a basis of MM of the form {(plii x, plii y), (pkii z, pkii w)}
with
(
x y
z w
)
∈ GL2(OM). Hence we obtain (L⊕L)M ⊇ MM. So we get
L⊕L = ⋂
M∈MaxSpec(O)
(L⊕ L)M ⊇ ⋂
M∈MaxSpec(O)
MM = M.
This proves (1).
Now we prove (2). ForM =Mi, choose pi ∈ Mi\
(
r⋃
j=1
MiMj
)
. Then we have
(Mi)Mi = 〈pi〉 a principal ideal in OMi . Now there exist xi, yi ∈ OMi such
that 〈xi〉+ 〈yi〉 = OMi and (plii xi, plii yi) ∈ MMi . [xi : yi] defines an element in
PF1
(Mki−lii )Mi
. By using Proposition 4.3 there exist ai, bi ∈ O with 〈ai〉+ 〈bi〉 = O
and [ai : bi] = [xi : yi] ∈ PF1
(Mki−lii )Mi
and [ai : bi] also defines an element in
PF1Mki−lii
. Using the surjectivity of the following chinese remainder reduction
map (Theorem 1.6 in C.P. Anil Kumar [1])
PF1I −→
r
∏
i=1
PF1Mki−lii
where I = r∏
i=1
Mki−lii the projective space invariant ideal of M as in Defini-
tion 2.7, we obtain that there exist a, b ∈ O with 〈a〉 + 〈b〉 = O and [a : b] = [ai :
bi] ∈ PF1Mki−lii
⇒ [a : b] = [xi : yi] ∈ PF1
(Mki−lii )Mi
. So using Theorem 3.1 we
obtain that p
li
i (a, b) ∈ MMi for 1 ≤ i ≤ r. Hence we have the element(
a
r
∏
i=1
plii , b
r
∏
i=1
plii
)
∈
r⋂
i=1
MMi .
Hence by Proposition 4.2 it belongs to M. By the choice of pi we have t =
r
∏
i=1
p
li
i ∈
L\( r∪
i=1
LMi
)
. This proves the proposition. 
5. Proof of the Main Theorems and Consequences
We prove main Theorems [Ω,Σ] of the article in this section. First we prove
Theorem Ω.
Proof. Proposition 4.4 define a projective space element [a : b] ∈ PF1I where
(ta, tb) ∈ M for some t ∈ L\( r∪
i=1
LMi
)
. If (sc, sd) ∈ M for some s ∈ L\( r∪
i=1
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LMi
)
with [c : d] ∈ PF1I then we get that (sc, sd) ∈ MMi , 1 ≤ i ≤ r such that in
OMi we have 〈s〉 = 〈t〉 = 〈plii 〉 and [c : d] = [a : b] ∈ PF1(Mki−lii )Mi
. Now using
bijectivity in Proposition 4.3 we have [c : d] = [a : b] ∈ PF1Mki−lii
, 1 ≤ i ≤ r. Using
bijectivity again of the chinese remainder reduction map we have [c : d] = [a :
b] ∈ PF1I . So the element [a : b] ∈ PF1I is uniquely determined for the module
M.
Conversely if the invariant ideals L ⊇ K are given for a module M such that
O2
M
∼= OL ⊕ OK and L =
r
∏
i=1
Mlii ,K =
r
∏
i=1
Mkii , I =
r
∏
i=1
Mki−lii then for a, b ∈ O
with 〈a〉+ 〈b〉 = O we have that the element [a : b] ∈ PF1I determines elements
[a : b] ∈ PF1Mki−lii
, 1 ≤ i ≤ r and hence elements in PF1
(Mki−lii )Mi
, 1 ≤ i ≤ r
using Proposition 4.3. Now using the fact that OMi , 1 ≤ i ≤ r are DVRs and
hence PIDs and using Theorem 3.1, we have that the module MMi ⊆ O2Mi is
uniquely determined by LMi ⊇ KMi and [a : b] ∈ PF1(Mki−lii )Mi
, 1 ≤ i ≤ r. Now
using Proposition 4.2, the module M is uniquely determined. For that uniquely
determined module M, for any t ∈ L\( r∪
i=1
LMi
)
we moreover have (ta, tb) ∈ M.
This proves the first main theorem. 
Now we prove the second main Theorem Σ of the article.
Proof. Let L = Ml11Ml22 . . .Mlrr ⊆ O,K = Mk11 Mk22 . . .Mkrr ( O with 0 ≤ li ≤
ki 6= 0. Then I =Mk1−l11 Mk2−l22 . . .Mkr−lrr ⊆ O. Let pi ∈ Mi\
(
r⋃
j=1
MiMj
)
, 1 ≤
i ≤ r. Since [a : b] ∈ PF1I with 〈a〉 + 〈b〉 = O, let ax − by = 1 for some
x, y ∈ O. Let Mi ( O2Mi be the unique co-torsion OMi-module of rank two
with invariant ideals LMi = (Mlii )Mi ⊇ KMi = (Mkii )Mi and projective space
invariant element [a : b] ∈ PF1
(Mki−lii )Mi
using Theorem 3.1 for principal ideal
domains. Then choose the module M ⊆ S−1O ⊕ S−1O where S = O\{0} as
given by
M = M1 ∩M2 ∩ . . . ∩Mr
⋂
M6=Mi,1≤i≤r,M−maximal
O2M.
First we have M ⊆ O2. This follows because M ⊆ ⋂
M−maximal
O2M = O2. Next
we prove that MMi = Mi, 1 ≤ i ≤ r. Clearly M ⊆ Mi and Mi is an OMi module.
Hence MMi ⊆ Mi, 1 ≤ i ≤ r. For any 1 ≤ j ≤ r let (u, v) ∈ Mj. Because of the
choice of Mj, this OMj-module has basis
{m1 =
(
a
r
∏
i=1
p
li
i , b
r
∏
i=1
p
li
i
)
,m2 =
(
y
r
∏
i=1
p
ki
i , x
r
∏
i=1
p
ki
i
)}.
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Note that pi /∈ Mj for 1 ≤ i 6= j ≤ r. So there exists α, β ∈ OMj such that
(u, v) = αm1 + βm2. Let α =
e
s , β =
f
s where e, f ∈ O, s ∈ O\Mj then s(u, v) =
em1 + fm2. Now we observe that
em1 + fm2 ∈ O2 ∩M1 ∩M2 ∩ . . . ∩Mj ∩ . . . ∩Mr ⊆ M.
So (u, v) ∈ MMj ⇒ Mj ⊆ MMj . This proves that MMj = Mj, 1 ≤ j ≤ r.
LetM 6= Mi, 1 ≤ i ≤ r be a maximal ideal. Let
qi ∈ Mi\
( r⋃
j=1
MiMj
⋃MiM
)
, 1 ≤ i ≤ r.
Then the elements n1, n2 ∈ M where
n1 =
(
a
r
∏
i=1
qlii , b
r
∏
i=1
qlii
)
, n2 =
(
y
r
∏
i=1
qkii , x
r
∏
i=1
qkii
)
.
We also observe that
Det


a
r
∏
i=1
q
li
i b
r
∏
i=1
q
li
i
y
r
∏
i=1
qkii x
r
∏
i=1
qkii

 = r∏
i=1
qli+kii
which is a unit in OM. Hence
(
←− n1 −→
←− n2 −→
)
=


a
r
∏
i=1
q
li
i b
r
∏
i=1
q
li
i
y
r
∏
i=1
q
ki
i x
r
∏
i=1
q
ki
i

 ∈ GL2(OM).
This proves that MM = O2M.
So this module M has exactly invariants L ⊇ K. Also the projective space
invariant element is [a : b] ∈ PF1I which can be checked by localization. Hence
the second main theorem follows. 
As a consequence of main Theorems [Ω,Σ] we have the following theorem which
we state without proof.
Theorem 5.1 (Bijection/Enumeration Theorem). LetO be a Dedekind domain. Then
there is a bijection of the set of co-torsion submodules (of rank two) in O2 having fixed
invariant factor ideals L ⊇ K with the projective space PF1I where we have the ideal
factorization K = LI .
Now we relate the zeta functions.
Theorem 5.2. Let K be a finite extension of Q and OK be the ring of integers. Let
N(I) =| OKI | for an ideal 0 6= I ⊆ OK. Define the following zeta functions.
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• ζOK(s) = ∑
0 6=I⊆OK,I an ideal
1
N(I)s the Dedekind zeta function.
• ζO2K(s) = ∑
M⊆O2K,
O2K
M is torsion
1∣∣O2K
M
∣∣s the zeta function of co-torsion modules in O2K.
• ζOK
PF1
(s) = ∑
0 6=I⊆OK,I an ideal
|PF1I |
N(I)s the zeta function of the one dimensional pro-
jective spaces associated to ideals in the ring of integers of a number field K/Q.
Then we have for s ∈ C, Re(s) > 2
(1) ζO2K(s) = ζOK(s− 1)ζOK (s).
(2) ζO2K(s) = ζOK(2s)ζ
OK
PF1
(s).
Proof. Here we use the fact for a number field N(I) is finite for 0 6= I ⊆ OK. We
also use the fact that for any integer n > 0 the set of ideals 0 6= I ⊆ OK such
that N(I) = n is a finite set and the Dedekind zeta function ζOK(s) coverges for
s ∈ C, Re(s) > 1.
First we observe that for a maximal idealM ( OK, k ∈ N,pi ∈ M\M2 we have
| PF1Mk |= N(M)k + N(M)k−1.
This follows because
PF1Mk =
{
[1 : pitu] | u ∈ U ( OKMk−t ), 0 ≤ t ≤ (k− 1)
}
⋃{
[pitu : 1] | u ∈ U ( OKMk−t ), 0 < t ≤ (k− 1)
}
⋃{
[1 : 0], [0 : 1]
}
.
Since the Chinese remainder reduction map
PF1I −→
r
∏
i=1
PF1Mkii
is bijective for I = r∏
i=1
Mkii ⊆ OK by Theorem 1.6 in C.P. Anil Kumar [1], we have
| PF1I |=
r
∏
i=1
(
N(Mi)ki + N(Mi)ki−1
)
.
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We prove (2) first.
ζOK(2s)ζ
OK
PF1
(s) = ∑
0 6=I ,L⊆OK,I ,L two ideals
| PF1I |
N(IL2)s
= ∑
0 6=K,L⊆OK,K⊆L two ideals
| PF1I |
N(K)sN(L)s where K = LI
= ∑
M⊆O2K,
O2
K
M is torsion
1∣∣O2K
M
∣∣s because
∣∣O2K
M
∣∣ = N(L)N(K)
= ζO2K (s).
Now we prove similarly (1).
ζO2K(s) = ∑
M⊆O2K,
O2
K
M is torsion
1∣∣O2K
M
∣∣s
= ∑
0 6=K,L⊆OK,K⊆L two ideals
| PF1I |
N(K)sN(L)s where K = LI
= ∏
M∈MaxSpec(OK)
(
∑
k≥0
(
N(M)k + N(M)k−1 + . . .+ 1)
N(M)ks
)
by rearranging terms similar to the case of integers Z
= ∏
M∈MaxSpec(OK)
(
1
1− 1
N(M)s−1
)(
1
1− 1
N(M)s
)
= ζOK(s− 1)ζOK (s).
This completes the proof. 
Now we state another consequence of the main theorem.
Theorem 5.3. Let O be a Dedekind domain. Let F be a finite set of maximal ideals in
O. Let Mi, 1 ≤ i ≤ l be finitely many co-torsion submodules of rank two in O2 such
that their invariant factor ideals are Li ⊇ Ki which are co-maximal that isKi +Kj = O
for 1 ≤ i 6= j ≤ l. Let Ii, 1 ≤ i ≤ l be ideals in O such that Ki = LiIi, 1 ≤ i ≤ r.
Moreover assume that if a maximal ideal M ⊇ Ki for some 1 ≤ i ≤ r then M ∈ F .
For 1 ≤ i ≤ l, let [ai : bi] ∈ PF1Ii be the associated projective space invariant element of
the module Mi. Let a, b ∈ O with 〈a〉+ 〈b〉 = O and
[a : b] ∈ PF1l
∏
i=1
Ii
be such that [a : b] = [ai : bi] ∈ PF1Ii , 1 ≤ i ≤ l. The following assertions hold true.
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(1) The module
r⋂
i=1
Mi is a co-torsion module of rank two in O2.
(2) The invariant factor ideals associated to
r⋂
i=1
Mi is
l
∏
i=1
Li = L ⊇ K =
l
∏
i=1
Ki
(3) The projective space invariant element associated to
r⋂
i=1
Mi is [a : b] ∈ PF1l
∏
i=1
Ii
.
(4) For any element t ∈ L\( ∪
M∈F
LM) we have (ta, tb) ∈ r⋂
i=1
Mi.
Proof. We note that O2r⋂
i=1
Mi
is annihilated by K hence a torsion module. Now we
immediately have a injection O2r⋂
i=1
Mi
→֒ l⊕
i=1
O2
Mi
∼= OL ⊕ OK . This injective map is an
isomorphism which is proved by localization. The rest of the proof is straight
forward and the arguments are similar to the proof of main Theorem Ω. 
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